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Abstract 

By looking at fractional Dp-branes of type IIA on T4/Z2 as wrapped 
branes and by using boundary state techniques we construct the effective 
low-energy action for the fields generated by fractional branes, build their 
world-volume action and find the corresponding classical geometry. The ex- 
plicit form of the classical background is consistent only outside an enhangon 
sphere of radius r e , which encloses a naked singularity of repulson-type. The 
perturbative running of the gauge coupling constant, dictated by the NS-NS 
twisted field that keeps its one-loop expression at any distance, also fails at 
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1 Introduction 



The duality relation between string and gauge theories [jXJ] has been studied in de- 
tail in the AdS/CFT case, but recently more effort has been devoted to study 
the gauge/gravity correspondence in the case of non conformal gauge theories and 
Yang-Mills theories with reduced supersymmetry f2"fl-fl6l. Fractional branes [fl7 



that arise for example in orbifold models, provide a natural set-up to probe the 
Maldacena conjecture when supersymmetry is partially broken with respect to the 
7V=4 case and conformal invariance is lost. The full knowledge of space-time geom- 
etry of fractional branes is then not only an interesting problem relative to singular 
geometries and their resolution but also a physical issue providing a new insight for 
understanding the stringy aspects of gauge theory in more realistic models. 

In this paper we will discuss the case of fractional Dp-branes of type IIA string 
theory compactified on T 4 /Z 2 , where Z 2 is generated by the parity operator on the 
four compact spatial coordinates. While the techniques we use to reconstruct the 
space-time geometry associated to fractional branes are rather general, for the sake 
of simplicity we will mainly refer to the case of a fractional DO-brane of type IIA 
theory on T 4 /Z 2 . As it is well known, this is an orbifold limit of the type IIA 
string compactified on the smooth hyperKahler manifold K3. Within this frame 
a fractional Dp-brane can be interpreted as a D(p + 2)-brane wrapped on one of 
the supersymmetric two-cycles of K3 that vanish in the orbifold limit. This point 
of view provides a natural ansatz to rewrite the relevant massless fields of the ten 
dimensional IIA orbifold theory in terms of fields coupled to the brane. Then one 
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obtains the truncation of the low energy action of IIA on T4/Z2 that provides the 
dynamics of fields coupled to fractional Dp-branes. In order to reconstruct the 
full geometry of a fractional brane one also needs the expression of relevant source 
terms, namely of a boundary action. This information can be obtained by analyzing 



the structure of the boundary states [IS]. The use of the boundary state technique 



19] is rather natural in this context as it translates open string boundary conditions 



in terms of closed string, introducing automatically into the game gravity together 
with all other fields interacting with the fractional brane. The analysis of the 
couplings between the massless fields and the boundary state allows us to infer the 
structure of the complete world- volume action of fractional branes on the compact 
orbifold, which turns out to be also an essential tool for analyzing the motion of a 
probe brane in the classical background. 

One expects that the space-time geometry of fractional branes shares a common 
feature with other classical backgrounds which are dual to non conformal gauge 
theories, namely the presence of naked singularities of repulson type. This feature 
has been found in the study of fractional branes on singular spaces [ED, |5|, EL E| ITj] , 
of stable non-BPS branes []T0j and of type IIB fractional branes on R 15 x R4/Z2 



i3[ [15H . Our detailed investigation on the DO-brane solution and its generalization 



to the D2-brane, shows that this is the case also for fractional branes of type IIA 
on T4/Z2 . However, also in our case, like in |]20| , |2~l| , p2| this singularity is actually 
unphysical as it is outside the region where the simple supergravity approximation 
is reliable. In fact, at a distance r e greater than the one where the singularity is 
located, a probe fractional brane becomes tensionless, and at r = r e there is a 
geometric locus, called enhangon, where extra massless degrees of freedom become 
relevant (for a review on the probe technique see e.g. Ref. [|2ci[|). In this case, as 
discussed in Ref. j2(J , the fractional branes building up the classical background are 
forced to cover uniformly the hypersphere at r = r e rather than pile- up at r = 0. 
Then at a distance shorter than the enhangon radius the supergravity description 
is not valid any more and one has to modify the effective theory. 

In this paper we do not study in detail the connection between the fractional 
brane classical solution and the world volume gauge theory and we leave it to a 
future work. We just mention that in general the running of the coupling constant 
of the dual gauge theory turns out to be dictated by the behavior of the twisted 
fields and in particular of the NS-NS twisted field. A remarkable property of our 
solution, is that twisted fields keep their harmonic asymptotic form at any distance. 
This appears as a general feature for fractional branes, apparently translating in 
geometrical classical terms the M = 2 SUSY gauge theory property of allowing only 
one-loop perturbative corrections. This is in fact the case for type IIB fractional 
D3-brane ||i3| , |I5| ], where the appropriate perturbative logarithmic behavior of Yang- 
Mills coupling constant in terms of a stringy description has been obtained. 

The paper is organized as follows: section 2 is devoted to the reduction of 
the low energy effective action for type IIA theory in ten dimension to the six 
dimensional action describing the dynamics of the fields coupled to a fractional Dp- 
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brane on T 4 /Z 2 . The boundary state technique, which is used to obtain a boundary 
action and the asymptotic behavior of relevant fields, is described in some detail in 
section 3. In section 4 we give the solution of the equations of motion and discuss 
their physical implications. The three appendices are devoted respectively to an 
alternative derivation of the low energy action based on the ^-duality between 
IIA on T 4 /Z 2 and heterotic on T 4 (appendix A), to the analysis of the massless 
spectrum of the Z 2 orbifold theory (appendix B) and to the explicit derivation of 
the equations of motion and their solution (appendix C). 



2 The low energy effective action 



One of the ingredients necessary to determine the geometry of a fractional brane 
is the low energy action expressing the dynamics of the relevant fields in the bulk. 
In this section we start with type IIA supergravity in ten dimensions with a Z 2 
orbifold projection acting as a reflection on four coordinates (which we choose to 
be Xq, x 7 , xg, x 9 ). Introducing a specific ansatz for the fields, we obtain the peculiar 
truncation of the low energy action which is appropriate to describe the fractional 
brane in R 1,5 x R A /Z 2 . Then, by performing a Kaluza-Klein reduction to six dimen- 
sions, we get the low energy action for fractional branes in the orbifold R 1 ' 5 x T 4 /Z 2 . 
In appendix A we obtain the same action exploiting the S'-duality relation between 
our theory and heterotic theory compactified on T 4 . 

The ten dimensional type IIA supergravity action on the orbifold R 1 ' 5 x R A jZ 2 
in the string frame can be written as 



S = jy d 10 xV^G e" 2 * R(G) + J , 



-2$ 



4 d$ A* d$ - -H 3 A* H 3 
2 



+ 2 



F 2 A* F 2 + F 4 A* F 4 -B 2 AF 4 A F 4 



(2-1) 



where 



H 3 = dB 2 , F 2 = dC l , F 4 = dC 3 (2.2) 

are respectively the field strengths of the Kalb-Ramond field, of the R-R vector field 
and of the R-R 3-form potential and 

F 4 = F 4 -C 1 AH 3 . (2.3) 

Moreover $ is the 10-dimensional dilaton fluctuation and n = (2ir) 7 ^ 2 a >2 gs is the 
gravitational coupling constant appropriate to our orbifold background. 

A fractional Dp-brane can be interpreted as a D(p + 2)-brane wrapped on the 
vanishing 2-cycle of the orbifold . According to this interpretation we make the 
following ansatz on the Kalb-Ramond and R-R 3-form potential 



B = buj 2 



C 3 = Ax A uj 2 



(2.4) 



3 



where u; 2 is the closed 2-form dual to the vanishing 2-cycle which we normalize in 
such a way that 

r u 2 A*uj 2 = l , (2.5) 



and the scalar field b is 



b = ^(2ttV^) 2 + D . 



(2.6) 



Using the previous equations in Eq.( j2.1| ) we obtain the following expression for 
the action 



S = 2M / dl ° x ^ e_2$jR ( G ) + / 



4e" 2 * d$ A*d$ + ^F 2 A*F 2 



1 



e-^dD A* dD - (dAi - d A d£>) A* (dAi - Ci A dD) 



(2.7) 



where the index 6 means that the fields are integrated over the 6-dimensional space- 
time which is unaffected by the orbifold projection. Notice that under the ansatz 
( |2.4| ) the Chern-Simon term appearing in eq. ( |2.1| ) vanishes, showing that it does 
not contribute to the dynamics of fractional branes. The action appropriate to the 
case of the compact orbifold T 4 /Z 2 can now be obtained from fl2.7p , by making a 
simple Kaluza-Klein reduction of the ten dimensional part 

S = ^-\ [ d Q Xv ^je- 2ip R(g) + I e- 2Lp [4d<p A* dip - dfj a A* dfj a ] 



1 r 



-F 2 A* F 2 A - 2F 2 A A* (d A dD) +dAdD A* (d A dD) 



:2.8i 



where is the six dimensional metric, while the 6-dimensional dilaton field <p and 
the scalar fields fj a are defined as follows 



G„ 



(2.9) 



with a = 6, 7, 8, 9. Moreover we have introduced F 2 = dA\ and denoted the volume 
of T 4 by 

V = Y[(2nR a ) . (2.10) 

a 

Defining K or b = k/V 1 ^ 2 and going to the Einstein frame, we get 

S = — ^— ( / d & Xyf=gR(g) + / [-dip A* dip - drj a A* drj a + 

2«orb ^ J 6 
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+\ e<P II e " aF 2 A* F 2 - [] e-^dD A* dD+ 

a a 

+ y ( F 2 A* F2 ~ 2V2F* A* (Ci A dD) + 2CiAdD A* (Ci A dD) 
where we have made the following rescaling 



(2.11) 



Vv Vzv 

The action (|2.11|) describes the fields that couple to an electric fractional DO-brane, 
or equivalently to a magnetic fractional D2-brane. In next section, using the bound- 
ary state formalism, we will instead obtain the asymptotic behavior of the classical 
fields generated by a generic electric fractional Dp-brane. In solving the classical 
equations of motion derived from ( j2.11j) with the boundary conditions dictated by 
the boundary state, it is then more natural to address the case of the DO fractional 
brane. This is what we will actually do in detail in the following. The explicit 
solution found in that case can be however easily generalized also to case of D2 
fractional brane, as we will see in section 4. 



3 The boundary state description 



The boundary state formalism allows one to connect microscopic and supergravity 
description of D-branes by using the language of closed string state to evaluate 
both the couplings of supergravity massless fields to the brane and their asymptotic 
behavior. The boundary state description of fractional D-branes in type II theories 
on orbifold has been already discussed in Refs. [p5], [26|, |27|] in the case of Z N 
projection, and for general discrete groups in Ref. 
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Here we briefly review the 
structure of the boundary state in the simple case of Z2, in order to derive the 
relevant physical information about fractional branes. 

The boundary state is a closed string state which embodies the presence of a Dp- 
brane in space-time and is defined by the overlap equations, which, in the notation 
and conventions of Ref. [Ol , read as 



d T X a \ T=0 \B) = 
X i \ T=0 \B)=y i \B) 



a = 0,...,p , 
i = p + 1, d — 1 . 



and 



{1>t(<r,0)-ir J S' i v iK(<r,0))\Bi»7i) = 



(3.1) 
(3.2) 

(3.3) 



where = (rf ^ ', -5 ij ), and r] = ±1. 
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As it is well known, the spectrum of type II strings on orbifolds consists not only 
of states of the original theories which are invariant under the orbifold projection, 
the untwisted sector, but also of states which belong to the so-called twisted sectors 
living at the orbifold fixed hyperplanes. Therefore in an orbifold theory the complete 
boundary state is a linear combination of all the Ishibashi states coming from the 
resolution of eqs.( |3.1| )-( |3.3|) in each sector. 

In the specific case of the orbifold T 4 /Z 2 , there are 16 distinct twisted sectors, 
one for each fixed plane. However, when the fractional brane does not wrap in 
the compact directions, there are only two different coherent states which solve 
the overlap equations, one for the untwisted and the other for the twisted sector 
associated to the particular fixed plane on which the brane lives. 

In this particular case we can therefore write 

\B) = N U (\B) u m + e x \B) u K ) + N T (\B) T m + e 2 \B)l) (3.4) 

where M u and Af T are two normalization constant to be fixed, U and T stand 
for untwisted and twisted respectively and ei,e 2 are the two R-R charges in the 
untwisted and twisted sectors. The states \B) U are the usual boundary states of a 
bulk-brane on a compact space with the standard GSO-projection ||29|| , while the 
states \B) T will be constructed in the following subsection. 

Notice that the boundary state in ( |3.4| ) is the one associated to the trivial 
representation of the Z 2 group on Chan-Paton factors of open strings attached to 



fractional branes 28 



3.1 Construction of the boundary state 



The Ishibashi states of the twisted sector, satisfying the overlap conditions ( p7T| 
(|3.3|) , can be written as 



\ B ^v)m = \ B x) \B^,7])ns 
in the NS-NS twisted sector and similarly 

\b, v )1 = \b x ) t \b^ v )1 

in the R-R twisted sector R, where 
\Bx) T 



(3.5) 
(3.6) 



5 5 " p (<f - y l ) II e-^-^ a -n Y[ e7 a -r & -r\0} a \0) a \p = 0) (3.7) 



\ B f,v) 



T 

NS 



n 



- e 



n=l r—— 
' ~ 2 



(0) T 



i=l 



\ B 4>,V)r 



lie 

t=i 



He-^-^lB^ 



(0) T 



(3.8) 
(3.9) 



1 In (3.5) and (3J3) we omit the ghost and superghost contribution which is not affected by the 
orbifold projection. 
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and //, v G {0, 5} and a G {6, 9}. The zero modes part of the boundary state 
has a non trivial structure in both sectors; in the NS-NS case it is given by 



i B *'"^ T =( d Trir) |!>N (3 - 10) 



im 



where ji are the gamma matrices and C the charge conjugation matrix of 5*0(4), 
75 = 7e •••79 an d finally |/), \fh) are spinors of 50(4), while in the R-R case we have 



1 + if] J 



ab 



where analogously 7« are the gamma matrices and C the charge conjugation matrix 
of 50(1,5), 77 = 70---75 and finally \a), \b) are spinors of 50(1,5). 

The GSO-projection selects both in the NS-NS and R-R twisted sectors the 



following combination [JJ6 



\ B ) T = \ [\B,+) + \B,-)] . (3.12) 

The normalization constants M u and M T appearing in (|3.4|) can be fixed by eval- 
uating the interaction amplitude (B\D\B) between two fractional Dp-branes due 
to the tree level exchange of closed strings and comparing the result with the cor- 
responding open string channel calculation by means of the world-sheet duality 
transformation. The closed string amplitude can be written as the sum of two 
contributions, one for each sector 

(B\D\B) = U (B\D\B) U + T (B\D\B) T (3.13) 

An explicit computation easily shows that the untwisted sector contribution van- 
ishes due to the abstruse identity, as in the case of usual bulk brane, while in the 
twisted sector the NS-NS and R-R contributions cancel each other. Therefore the 
amplitude eq. ( |3.13|) is vanishing and this is consistent with the fact that fractional 
branes, being BPS objects, satisfy a no-force condition. 

The 1-loop vacuum amplitude which represents the interaction between two 
fractional Dp-brane in the open string channel is also expressed as the sum of 
two terms, one for each element of the orbifold group Z2 = {1,<7}- Under world- 
sheet duality they transform respectively in the two terms of eqs. ( |3.13|) and by 
comparison one can fix the normalization constants as follows 

N u = ^ r , N T = J-\ . (3.14) 
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3.2 Brane couplings to bulk fields and their asymptotic behavior 



In order to get information about the geometry of a fractional brane we need to 
determine its couplings with all the massless fields of the theory. This is achieved 
by projecting the boundary state onto the massless string states corresponding to 
the fields of the theory [Tj|]. We need therefore a table of correspondence between 



the classical fields and the string states belonging to the massless spectrum. 

As already remarked, the action (|2.11| ) is a consistent truncation of the full 



action of type IIA supergravity in six dimensions, and describes the dynamics of 
the graviton h a p, four Kaluza-Klein scalars rj a originating from the ten dimensional 
metric, a 1-form gauge field C\, plus a 1-form gauge field A x and a scalar D, which 
originates respectively from a three form gauge field and the Kalb-Ramond field 
with two components along the supersymmetric vanishing cycle of the orbifold. 
From the string analysis carried out in appendix B, it is easy to realize that the 
graviton, the Kaluza-Klein scalars and the 1-form C\ are represented by the usual 
massless states of the untwisted sectors, while the 1-form A\ and the scalar D are 
described by massless states belonging, respectively, to the twisted R-R and NS-NS 
sector. In the case of the fractional D2-branes the twisted and untwisted 1-forms 
are obviously replaced by two 3-forms (C3 and A3). 

By projecting the boundary state on the massless states corresponding to these 
fields (whose explicit expressions are given in appendix B, see also Ref. ]30|]) we 
find the following couplings 



^ = -4vE^ (3-15) 



2V 



p 

£ 

0=0 



for the graviton, 



J * = ^rh^ 1 ^ 1 ~ p) ' J ^ = 7rh v p+^ a (3.ie) 



for the dilaton and the Kaluza-Klein scalars, 

T 

Jc = —/FtVp+iCo... p = HuVp+iCo... P (3-17) 
v V 

for the R-R untwisted field, and finally 

T T 
Jd = - 2 . Vp+iD , Ja p+1 = 2 . V P +iA ... p = htV p+ iA ... p (3.18) 

for the NS-NS twisted scalar and the R-R twisted field 0. 



2l 



Eqs. (3.15)-(3.18) can be extended to the case of the non-compact orbifold C^/r by dropping 



the factor V in all equations. 
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The previous couplings allow us to infer the structure of the Born-Infeld action 
for a fractional brane which turns out to be 



S 



T 



2Vk. 



orb 



T 



2vrV 

(3.19) 

The presence of the last term is due to the requirement of gauge invariance of the 
previous action under the gauge transformation 



\9ap\e 



d p+l iJ-\g a p\e- K ^^X[e- K ^D- I \A P+1 + V2k oA D C p+1 



— K L M 
^orb 2 



V2. 



^orb 



a 



p+i 



5A P+1 = X p A dD 



5G. 



1 



p+i 



— -j= d\p 

V ^ K orb 



(3.20) 



which for p = is the gauge transformation that leaves invariant the bulk action 
(|2.11|) . The structure of the action ( |3.19| ) is confirmed also by explicit calculations of 
closed string scattering amplitudes on a disk with appropriate boundary conditions 



31 



From the couplings in eqs. (|3.15|) - (|3.18|) one can also determine the contributions 
to the interaction between two fractional branes due to the exchange of each massless 
state. In particular, looking first at the untwisted states one finds the contribution 
of graviton 

'T p \ 2 V p+1 (p+l)(3-p) 



V 



2B 



of the dilaton and Kaluza-Klein scalars 



T 



v p+ i(i-p¥ 



V 



2k\ 



'la 



T 



V P+ i 1 
V 2k 



2 ' 



and of the R-R untwisted field 



lit 



c 



-T 



V ki 



(3.21) 



(3.22) 



(3.23) 



In the twisted sector instead, we find that the NS-NS scalar and the R-R gauge 
field contribute respectively as 



U, 



D 



T 



27r 2 a 



P+1 k 2 



u A 



(p+1) 



T 



2vr 2 a' 



(3.24) 



The potential energies due to the exchange of the various fields satisfy the conditions 
W fc +Z4 + XX+Wo = , U A(p+1) +U D = (3.25) 



which are consistent with the fact that the no-force condition is due to the separate 
cancellation of the untwisted and twisted contributions to the interaction energy. 
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The knowledge of the contribution to the interaction of each massless state 
is also useful to determine the mass of the fractional brane. Indeed in order to 
evaluate the mass we have to sum up all attractive contributions to the potential 
energy and compare it with Newton's law in six dimensions. By making a Fourier 
transformation to configuration space, we obtain that the attractive energy is 



T 2 
p 



(3 - p)r 3 -^ 4 -p 



1 



+ 



1 



V (27rV) 



(3.26) 



where Q q = 2n ( - q+1 V 2 /T((q + l)/2) is the area of a unit g-dimensional sphere. Com- 
paring eq.( ^.26| ) with Newton's law 

^Newt 

we get 

2K nrh M., n = T v 



(3-p)r 3 -fQ 4 - P 



(3.27) 



v + (wpj = (M ' + (/iT)2 ' (3 - 28) 

which is the usual relation between mass and charges of a BPS object charged with 
respect to two different gauge fields. 

Another important information provided by the boundary state analysis is the 
behavior of all classical fields generated by a fractional brane at large distance. 
This can be obtained by saturating the boundary state with the various states of 
the theory after inserting a closed string propagator. The asymptotic behavior for 
the various fields in our case is 



h c 



T 



AVZV (3 - p)r 3 ~Ptt 4 _ p 



for the graviton, 
T 



P 



2V%V (3 - p)r 3 -Pfi 4 - P 
for the dilaton and the scalars, 



Coo 
0...p 



Va 



T 



2y/2V (3 - p)r 3 ~Pn 4 . 



T 



1 



y/V (3 - p)r 3 -PQ^ p 
for the untwisted R-R field, and finally 



D' 



T 



A°° 



T 



1 



(3.29) 



(3.30) 



(3.31) 



(3.32) 



27r 2 a' (3 - p)r 3 -ffi 4 - P ' P 2vrV (3 - p)r 3 -Pfi 4 - P 

for the twisted NS-NS scalar and the twisted R-R form. We remind that these 
asymptotic fields obtained with boundary state techniques have canonical normal- 
ization; therefore they do not coincide with the corresponding fields appearing in 
the bulk action given in eq. (|2.11| ). The relations between the two set of fields are 

Ap+i) d _ & A, , _ A (P+V 
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Va 



Va 
^orb 



a 



(p+i) 



.4 



(P+l) 



V^^orb 



(3.33) 
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Using these new fields, the world- volume action of eq.( |3.19| ) becomes 



T 

- 1 - n 



T 



2Vn OTh 



y(l-p) T)g 

\9ap\e 2 He 2 

a 



Cp+1 



(3.34) 



n 2 a'K OTh 



d p+1 tV2 J-\g a p\e-^l[e- V -?D- I \A P+1 + V2DC P+1 



This action will generate the source terms in the equations of motions for the bulk 
fields. 



4 Classical solution of fractional D-branes 



In order to determine the classical solution of a fractional Dp-brane we can either 
solve the inhomogeneous field equations obtained by varying the total action i. e. the 
sum of eqs. (|2.11|) and (|3.34|) , or solve the homogeneous field equations supplemented 



by the asymptotic behavior of fields, determined by the boundary state analysis, 
eqs. (|3.29| )- (|3.32| ). In appendix C we find the classical solution associated to the 



fractional DO-brane following the latter procedure: we solve the homogeneous field 
equations under the assumption that all the fields are functions only of the radial 
transverse coordinate of the six-dimensional space and that the metric obeys the 
standard extremal black 0-brane ansatz. 

The first corrections to the asymptotic behavior of the fields can be easily ob- 
tained by solving iteratively the equations of motion. From this analysis one can 
learn that, up to second order, the twisted fields do not get corrections with respect 
to their harmonic asymptotic behavior. This appears to be an important physical 
feature of the twisted fields. Therefore we take it as an ansatz for the full solution. 
Once made this assumption the equations of motion are easily solved in terms of a 
single function H, which is a very simple generalization of the harmonic function 
appearing in the classical solution of ordinary bulk branes 

tt _ 1 1 Igo 1 V Ql U}) 

2 r 3 2 (2vr)V 2 r 6 ' 1 ' } 



where 



_ 2^2T Q K mh 



More explicitly we have 

ds 2 = -H-Ut 2 + H^{dr 2 + r 2 dQ 2 ) (4.3) 



for the metric, 

e v = m , e Va = m (4.4) 



- 1 „ 1 
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for the dilaton and for the scalar fields, 



C = (H- 1 - 1) (4.5) 
for the untwisted R-R vector, and finally 

n _ 1 V 1/2 Qo A V 1/2 Qo U6) 

v^47r 2 a' r 3 ' 4vr 2 a' r 3 1 ' ' 

for the twisted NS-NS scalar and the twisted R-R vector, respectively. 

The structure of the DO-brane solution is very simple: for the twisted fields the 
first order correction to the background value is exact, while the untwisted fields 
have the same expression of the fields associated to a bulk brane in terms of the 
function H. This fact suggests a natural generalization of our solution to the case 
of the fractional D2-brane, namely 

ds 2 = R-\ (-dt 2 + dx\ + dx\) + Hi (dr 2 + r 2 dn 2 ) (4.7) 

for the metric, 

= H~* , e Va = H 1 * (4.8) 
for the dilaton and for the scalar fields, 

Con = (H- 1 - l) (4.9) 

for the untwisted R-R vector and 

D - 1 ^ A — ^ (A 10) 

for the twisted NS-NS scalar and for the twisted R-R vector respectively, where 

2 r 2 (27r) 4 a /2 r 2 V ; 

and 

_ 2V2T 2 K OTh 

Q2 ~ n 2 vv 2 • (4 ' 12) 

Let us make some comments about the solution both for p = and p — 2. First 
of all one can notice that this solution is consistent with the BPS nature of fractional 
Dp-branes, as seen from the mass-charge relation ( |3.28|) and from the one loop no- 
force condition, verified by the boundary state technique. In fact, by computing 
the world-volume action ( |3.34j ) for a probe fractional brane in the background of 
Eqs. (|4.3|44.6|) or Eqs. (|4.7| - )4.10|) , one can check that the distance dependent part 
identically vanishes, and therefore there is no static force acting on the probe. 
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Another important observation is that the untwisted fields, and the metric in 
particular, have a naked singularity at r = r + where 





) 3 ^ = T(-l + \/l + ^ I , P = 0,2 • (4.13) 



2vr 4 a' 2 

However the metric we have found is strictly analogous to the one studied in 



Ref . |20| , so we expect that this singularity is of repulson type and one may cure it 



by means of an enhangon mechanism first proposed therein. To see this, one notices 
that at a distance r e , where 

(re) 3 - p = 2Q P — ^ > (r + ) 3 ~ P (4.14) 

the derivative of H vanishes and both gravitational and gauge forces change sign. 
Therefore, even if a fractional Dp-brane probe feels no net force at any distance, it 
becomes tensionless at r = r e and acquires a negative tension at shorter distances. 
Indeed expanding the DBI part of the world-volume action in the velocities and 
keeping only the lowest order terms one gets 

T p r dx i dx j 



2V/Wb J dr 8r V 2vr 2 a' 




T p f dx l dx'-i (_ rl p 



de +1 k — —[l-±- p ) ■ (4.15) 



2VK orb J dr dr \ r 



We see then that if D has the form of eq. fl4.6|) or Q4.10| ) the Dp-brane becomes 



tensionless exactly at r = r e . It is then clear that the classical solution cannot 
be trusted at r < r e . This may correspond to the fact that, as shown in Ref. 



20| , the Dp-branes building up the classical background, rather than piling up at 
r = 0, are forced to cover uniformly the hypersphere at r = r e . If one identifies the 
(properly rescaled) transverse coordinates with the Higgs fields, one may use the 
procedure just outlined to derive their kinetic term. Then, for the (2 + 1) gauge 
theory dual to the D2 fractional brane, the factor <5y(l — r e /r) can be interpreted 
as the metric in moduli space, which turns out to be rather independent from the 
detailed geometry of D2-brane. Actually from this point of view the fact that NS- 
NS twisted field keeps its harmonic asymptotic form may be seen as expressing in 
geometrical classical terms the quantum property of M = 2 SUSY theory allowing 
only one-loop perturbative corrections. It is then worth investigating more closely 
the correspondence between the detailed structure of fractional Dp-brane geometry 
and the associated world-volume gauge theory. 
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A Alternative derivation of the bulk action 



In this appendix we give an alternative derivation of the truncated bulk action nec- 
essary to reconstruct the geometry of a fractional brane. This alternative strategy 
consists in exploiting the S-duality relating type IIA on T4/J4 to heterotic theory 
compactified on T 4 . Furthermore our task is made easier by turning on only the 
fields which couple to fractional Dp-branes at tree level. For the sake of definite- 
ness we refer here to the case of DO-brane where the fields are the graviton g^ v , 4 
scalar fields i] a , the dilaton 0, 1 untwisted R-R vector Co, 16 twisted R-R vectors 
A T (1 = 1,..., 16) and 16 twisted NS-NS scalars D 1 . 

One may easily check that under the chain of dualities (implementing the 6 
dimensional S'-duality from IIA on T 4 /7 4 to the heterotic string on T 4 ) 



IIA ^ A II B -4W ^ I IB ?± 



4=% Type I T 4 heterotic T 4 , (A.l) 
the previous fields transform as follows 

p= V , 9„u = e- 2 ^ 9 ll , (A.2) 

/ \l/2 _ / \-l/2 

G aa = [UG^j (G h : a ) for a ? 9 , and G 99 = {IlG^J G% , (A.3) 

Al he I Al+lhe 

C» = G%G™ = A^ , (4)= « ^ (A.4) 

//he 1 A I+l he 
Dl = J" (A ' 5) 

where the label "he" refers to heterotic fields. 

The effective action of the heterotic string compactified on a 4-torus of volume 
fj, 4 is given by 

sh ° = T^ [ d 6 x^g^e- 2 ^ e \R(g hc ) + Ad^ hc d^ hc + - (d,G ab d^G ab f C 

10 *- *± 
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-~ (G ab F°F^ b ) he - 1 (Vp^ P ) hc - j (G ab h; u h^f e - ~ (G ab G cd h^ bd ) 



4 



he 



1? 



10 



r 16 

J i=i 



he 



(A.6) 



where we have assumed that the heterotic gauge group is broken to U(l) and have 



defined the field F^ e follows 



he 



(A.7) 



To make contact with the case considered in the previous sections, we first neglect 
in the action ( |A.(j| ) all terms that contain fields not dual to those of the truncated 
type IIA theory we are interested in, which contains only one pair of twisted fields 
(say (A J , D J ) for a given J). Doing this, we get 



10 



he c- 2 <P 



+- A (d,G aa d»G° 



vhe 



Ga q F 9 F^ 9 



he 



JL 



10 



ffxyf^e-** £ (F^ + 2G 99 F^F^ 1 



he 



/=J,J+1 



(A.f 



By performing the S'-duality transformations (eqs. (|A.2|) - ([A.5|) ) on the previous ac- 
tion, we get the following truncated low energy action for IIA on T4//4: 



S = -^2~ / d 6 Xy/—g e 



■2<p 



4^i 2 o 



d 6 X\/—g 



+2F^C [ »d u] D J + C^d v] D J C^d v] D J + 2e~ 2Lp d^D J d»D J \{e " a 



(A.9) 



where F^ v = c^C„] and F^ v = d^AL. After extracting the dilaton vacuum expec- 
tation value, one may rewrite the previous action in the Einstein frame as follows: 



S 



d % X\/ —g 



R(g) - d^tp - d^ a d^ a - -e* J] e^F^ 



\e lf> F J F Jl " v - -Ke^F J w C^d v] D J - ]-e v C] /l d v] D J C^D J 
4 y2 ' 2 



-d fl D J d^D J l[e- ria 

a 
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(A.10) 



where K or b has been defined in section 2 and g% Th = gf / //. Moreover the following 
rescalings on the fields in eq. (|A.9| ) have been made: 



a, 



" Ua(27TR a )^ " 

Under the identifications 



~j _ V2K orb j 



(A.11) 



A 1 _ \x 



the action ( |A.10[ ) coincides with the one obtained in section 2 with a different 
procedure. 



B Untwisted and twisted states 



In this appendix we briefly review the description of the orbifold theory we are 
interested in, namely type IIA compactified on T 4 /Z 2 , and its spectrum. 

In a generic orbifold theory the periodicity conditions of the closed string are 
satisfied up to the action of a generic element of the orbifold group. Thus in the 
case of the discrete group Zn which consists of N elements {l,g, ...,g N ~ 1 } we may 
have 

X(t,ct + 7t) = g m X(r,a)g~ m with m G {0, N — 1} (B.l) 

For m = one recovers the boundary conditions of closed string without orbifold 
projection, called untwisted boundary conditions, while for m ^ one has iV — 1 
different twisted boundary conditions. In the case of a Z 2 projection, acting as a 
reflection over four space coordinates, the ten-dimensional Lorentz group SO(l,9) 
decomposes in 50(1,5) x SO (A). We fix our convention as follows: M,P,Q are 
the ten-dimensional indices; a, b G {6, 7, 8, 9} are the indices corresponding to the 
coordinates which are reflected by 1^ and fi,u G {0, 5} are the directions trans- 
verse to the orbifold projection. The theory has a unique twisted sector for each 
one of the sixteen orbifold fixed planes, characterized by the following boundary 
conditions 

X^(r,a + 7r) =X"(t,<t) and X a (r, a + tt) = -X a (r, a) (B.2) 
for the bosonic coordinates and 

^(0,t) = ^(tt,t) ; V±(0,t) = -V£(tt,t) (B.3) 
for the R-R twisted sector and 

^(0,r) = -^(7r,r) ; ^«(0, r) = V£(tt, t) (B.4) 
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for the NS-NS twisted sector. Obviously different boundary conditions correspond 
to different mode expansions of the string coordinates. The bosonic string mode 
expansion of the twisted sector is given by 

V 2 n _^ \ n n J 

for each /x e {0, ...,5} and 

X a (r, a) = i^- f; ^ e - 2ir(T - CT) + ^ e -M^ ( B . 6 ) 
for each a G {6, , , .9}. For the fermionic coordinates one finds 



where 



and 



■0f and ipt t £ Z 

^~ 2 



^ a and * e ^ + \ ' 



R — R twisted sector (B.8) 



r r t and s _ NS twisted sector (B 9) 

\ ^ and i)l t G Z v 1 

To construct the massless spectrum of the theory one has to impose the mass-shell 
condition separately in each sector. For the sake of simplicity we considere a 4-torus 
of the type T 4 = Ti x T\ x Ti x Ti; in this case the mass-shell condition in the twisted 
NS-NS sector reads as follows 



^(iV a + ^ + iV Q + ^-l)+^ (^) 2 +(^) 2 }|state) = (B. 



10) 



and must be imposed together with the level matching condition 

(N a + - N a - instate) = £ra a w | state) . (B.ll) 

a 

with N a and being the bosonic and fermionic occupation numbers, R a the 
compactification radius of the coordinate X a and finally n a and w a respectively 
Kaluza-Klein and winding modes along the compact direction a. For R ^ \fot' it 
turns out that the massless states in the NS-NS untwisted sector are the graviton 
which transforms as (3,3) under the action of the little group 5*0(4), the Kalb- 
Ramond field ((1,3) + (3, 1)), the dilaton ((1, 1)), 10 Kaluza-Klein scalars coming 
from the compactification of the ten-dimensional graviton (10(1, 1)), and 6 scalars 
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coming from the compactification of the Kalb-Ramond field (6(1, 1)). The explicit 
expressions of these states are 



l*B> 



B 



1 



0} 

n a = w a = 0) 



^fc^i |0,)- 1 |0^)_ 1 |A;)n v ^ 
" (V^~ k^-kJJ ip\ip% |0^)-i|0J \k) 

2 2 VI 

1 



n 



^a = 0) 



\*B ab ) 



1 



U7„ 



5, 



w n 



0) 
= 0) 



(B.12) 
(B.13) 

(B.14) 
(B.15) 
(B.16) 



where <fr a is the self-dual volume of the compact direction x a j29| . Moreover 
h/j.v, B^v an d 4> are graviton, Kalb-Ramond and dilaton field respectively, while B ab 
and 77 a are the scalars corresponding to the compact components of Kalb-Ramond 
field and to the compact diagonal components of the metric. In the R-R untwisted 
sector instead the mass-shell condition reads as follows 

21 ~> 



- (N a + N^ + N a + N^)+J2 



tin 



W a Ra 



a' 



(state) = (B.17) 



and it should be imposed together with the level-matching condition given in 
eq.( p.ll|) . In type IIA theory compactified on T4/Z2 the massless states turn out 
to be 8 vectors transforming as (2,2) under the action of the little group SO (4), 
whereas in type IIB theory on T 4 /Z 2 one find 8 scalars, and 3 2-forms potential, 
transforming respectively as (1, 1), and ((3, 1) + (1, 3)) under the little group. Their 
explicit expression is given by 



|C(n)) 



Cut 



HI.. ./In 



2y/2n 



(CT 



n. 



>AB 



cos(7o/3 ) 



(B.18) 



>AB 



sin(7o/? ) 



|A)_ 1/2 |B>_ 3 / 2 |fc> 



where IT-|- = (1 ± Tn)/2, and flo and 70 are the superghost zero-modes. 

Let us examine now explicitly the twisted mass spectrum. In this case the 
mass-shell condition is independent of the Kaluza-Klein and winding modes and it 
reduces to 

— : i.N a + iVwi + N a + N^h\ I state) = (B.19) 
a K ' 



both in the NS-NS and R-R twisted sectors. The NS-NS twisted states are a product 
of two spinors of the internal 5*0(4) having the same chirality (this is true both 



18 



in type IIA and type IIB theory on T4/Z2). Therefore, from the point of view of 
the internal space, these states transform as (2, 1) <g> (2, 1) = (3, 1) + (1, 1) which 
corresponds to the transformation properties of a self dual 2-form that we denote 
by D 1 ^ and a scalar that we denote by D 1 , where the index I runs from 1 to 16. 
All these states transform as scalars under the little group, thus there are 4 x 16 
scalars more in the theory. 

Following the same notations of sect. 3 the explicit expression of these states is 

}D '^ = T^i D '"-°- (^"""""n+L I')- l*>-l*> 

Finally, in the R-R twisted sectors, one finds only one massless state for each fixed 
point which is a vector in type IIA and an antiself-dual 2 form plus a scalar in type 
IIB theory. These states have the following expression 

(cr o '-'^ m Tl + ) ab cos( 7 oA)) (B.20) 
a) -1/2 |6)_ 3 /2|fc) 



\A I 



1 

75 



ml 



+ (c^-'^Yi-) ab sin( 7o ^ ) 



C Field equations 



In this appendix we write down and solve the homogeneous equations of motion 
and fix all the integration constants in order to obtain a solution consistent with 
the large distance behavior of all the fields. For the sake of simplicity let us start 
by rewriting in components the low-energy action obtained in section 2 



ZK orh J { a=6 



+F^ 2 F^ 2 ' 2V2F^ 2 C^d^D 



+2C w d^ 2] DC^d^D\ - d^Dd^DHe-V" 



(C.l) 



where we have dropped all tildas from the fields, to simplify the notation. The 
corresponding equations of motion read as follows: 



l[e^F^ 2 F^ + 



-g ■ V - - , 4 



(C.2) 
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for the dilaton; 



9 -4 a a 



(C.3) 



for the scalar fields; 

1 



-9 



du V^ge^Ue^F^ = e^d u D 2C [fl d u] D - V2F 



for R-R untwisted field; 



for R-R twisted field; 



-9 



(C.4) 



(C.5) 



(C.6) 



for the NS-NS twisted field. Finally the Einstein equations are: 



-2V2 



2FHF° 



2 -faia^ 



+ 



Lr a " A 2 a ia2 r A 



2pvAQ[aQv] jj _ 9_pA ri[aioa 2 ] ]J 



(XV 



+ 2 



2Q n d^DC [a d v] D 



[IV 



.9_ C ^d^DC [ai d a2] D 



I - l[e r ' a (d»Dd v D - ^g^d^Dd^Dj (C.7) 



To obtain the fractional DO-brane solution, we make the following ansatz for the 
metric 

ds 2 = -B 2 (r)dt 2 + F 2 (r) (dr 2 + r 2 dtt 2 ) (C.8) 

and take all the fields to be function only of r. Under this assumption, introducing 
the quantity £ = In B + 3 In F the previous equations become 



—d T (e^r 4 d rV ) = -B~ 2 e* 



1 



1 



(d r A f 



+V2(d r A Q )C d r D + (C d r D) 2 + Ij]e^(9 r C ) 2 



(C.9) 



for the dilaton fields. 



'-d r (e^r% Va ) = B - 2 e^l[e^(d r C ) 2 - -\\ e -^{d r D) 2 (CIO) 
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for the scalar fields 



—d r e 5 B" 2 rV J] e Va d r C = e v B~ 2 d r D 2C d r D + V2d r A (C.ll 



for the R-R untwisted gauge field, 



for the R-R twisted vector field 



2 [] e-' na d r D - 5~ VC (V2d r A + 2C%d r D 



d r < eV 4 



for the NS-NS twisted scalar field. And finally 



r: 



(d r <p) 2 + J2(d r rj a ) 2 + l[e-^(d r D) 



+ 



(C.12) 



(C.13) 



--(BF)- 2 e" |ne^(9 r C ) 2 + (9 r ^) 2 + 2y/2(d r D)C d r A^ + 2(C Q d r D) 2 ^ (C.14) 

R° = -l(BF)- 2 e* Sj[e^(d r C ) 2 + (d r A ) 2 + 2V2(d r D)C d r A + 2(C d rJ D) 2 } 

(C.15) 

R e g = l -(BF)- 2 e* |ne^(a r C ) 2 + (d r A ) 2 + 2V2(d r D)C d r A + 2(C d r D) 2 ^ 

(C.16) 

for the Einstein equations. To simplify the set of eqs.( p.9|) - (|C.16 ) it is convenient to 
obtain an equation for the quantity £. This is achieved by combining the Einstein 
equations for the Rq and R 9 g components, obtaining: 



on + 7 M + {dr0 2 = 



(C.17) 



As asymptotically £ = we take this to be the solution everywhere. Then by using 
the dilaton equation and the one for the R r r component, taking into accounts the 
asymptotic behavior, one gets: 



B = F~ 



e 2S 



(C.18) 



Expanding the fields up to the second order around their asymptotic values, one 
sees that the twisted fields do not get corrections with respect to their harmonic 
asymptotic behavior Taking this as an ansatz for the full solution, one can easily 
solve the field equations. The solution is written in section 4. 
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